Existence of weak solutions for a class of nonlinear elliptic systems is obtained under the certain Landesman-Lazer-type conditions by variational method.
Introduction and main results
In this paper, we consider the existence of weak solutions for the following gradient elliptic systems: 
where
Consider the following nonlinear eigenvalue problem with weights:
If one of the conditions (A)-(A) holds, the first eigenvalue λ  of () is simple, isolated and positive, and has a unique associated eigenfunction (μ  , ν  ) with (μ  , ν  ) =  and μ  > , ν  >  in (the proof is found in [, ]). The Landesman-Lazer-type conditions were introduced by Landesman and Lazer in [], where they considered the existence of weak solutions for the resonant elliptic problems, and then were widely used and extended (see [-] and their references). For nonlinear elliptic systems, let F s (x, s, t) = g  (s), F t (x, s, t) = g  (t) and by using the some LandesmanLazer-type conditions, Zographopoulos in [] proved the existence of weak solutions for problem () at resonance with the first eigenvalue λ  , and by using the Landesman-Lazertype conditions due to Tang and the G-linking theorem, Ou and Tang in [] proved the existence of weak solutions for problem () at resonance with the higher eigenvalues of problem (). When p = , Silva in [] introduced the new Landesman-Lazer-type conditions and proved the existence of weak solutions for problem () by using variational methods, Morse theory and critical groups.
Motivated by [], we consider the existence of weak solutions for problem () under the certain Landesman-Lazer-type conditions. We now give some auxiliary conditions.
(F) There is h ∈ C( , R + ) such that
where the above limits of conditions (F) and (F) are taken uniformly for all x ∈ . The Landesman-Lazer-type conditions for problem () will be assumed either
We are ready to introduce the main results of this paper. 
Theorem  Assume that h
 , h  ∈ L q ( ) (q = p/(p -))
Theorem  Assume that h
Proofs of theorems
Let J : W → R be the functional defined by
If one of the conditions (A)-(A) holds, by (F) and h
, and it is well known that a critical point of the functional J in W corresponds to a weak solution of problem (). We will prove Theorem  by the saddle point theorem due to Rabinowitz (see [] ) and Theorem  by Ekeland's variational principle (see [] ).
Proof of Theorem  We divide the proof into two steps.
(i) We claim that the functional J satisfies the (PS) condition. Let (u n , v n ) ∈ W be a (PS) sequence for the functional J, that is,
We first verify that (u n , v n ) is bounded in W , and then prove that (u n , v n ) has a convergent subsequence. Suppose, by contradiction, that
Hence there is a subsequence of (ũ n ,ṽ n ), still denoted by (ũ n ,ṽ n ), and (ũ,ṽ)
,ṽ(x)) for a.e. x ∈ . From (F), () and Hölder's inequality, we obtain
for all (u, v) ∈ W , where C  = |F(x, , )| dx, hence we get
and from h  , h  ∈ L q ( ) (q = p/(p -)) and Hölder's inequality, it follows that
Hence from Hölder's inequality we obtain
Combining the above inequality with (), (), () () and α + β +  = p, we have
Hence, using the weak lower semicontinuity of the norm and the Poincaré inequality, we obtain
which implies that the following equality holds:
By the uniform convexity of W , we have that (ũ n ,ṽ n ) converges strongly to (ũ,ṽ) in W , and from the definition of (μ  , ν  ), it follows that (ũ,ṽ) = ±(μ  , ν  ).
In the following, we assume that (ũ,ṽ) = (μ  , ν  ), and the case where (ũ,ṽ) = -(μ  , ν  ) may be treated similarly. Noting that α + β +  = p, it follows that
Hence from () and the above equality, we have
From (F) and (F), we have
Finally, from the Lebesgue dominated convergence theorem, (F) and (F), we have
Therefore, taking the limit in () and from (), (), () and (), we get
which is a contradiction with the condition (LL) +  . Hence, (u n , v n ) is bounded in W , and there is a subsequence of (u n , v n ) without any loss of generality still denoted by (u n , v n ), and
From (F) and Hölder's inequality, it follows that
as n → ∞. Combining the above three inequalities and (), we get
as n → ∞. Similarly, we also obtain
From Clarkson's inequality, that is, there is C p >  such that for all μ, ν ∈ R N and p ≥ ,
it follows that (ii) We claim that the functional J satisfies the geometries of the saddle point theorem with respect to (E  , E  ), where E  = span{(μ  , ν  )}, E  = {(φ, ψ) ∈ W : (μ p-  φ + ν p-  ψ) dx = } and W = E  ⊕ E  . By the definition of (μ  , ν  ), for all t ∈ R, we have
Moreover, we have 
